We present a study of radially and azimuthally polarized Bessel-Gauss beams in both the paraxial and nonparaxial regimes. We discuss the validity of the paraxial approximation and the form of the nonparaxial corrections for Bessel-Gauss beams.
because of their peculiar properties such, e.g., the ability of producing a smaller focus [1] .
Such beams demonstrated to be useful in various fields of research such as spectroscopy [2] , microscopy [3] , optical tweezing [4] , material processing [5] , propagation of linear and nonlinear waves in crystals [6] [7] [8] and quantum information [9] . This vast plethora of applications motivated the development of several different experimental techniques to generate such beams [10] [11] [12] [13] [14] . A detailed theoretical analysis of the properties of these beams and their application in the paraxial case can be found in Ref. [15] .
Motivated by these many applications, different groups have then tried in the last years to provide a suitable extension of these beams to the nonparaxial case, by exploring the field of a strongly focused beam [16] , using complex dipole sources [17] , elegant LaguerreGauss beams in the nonparaxial regime [18] and vector Bessel beams [19] . Recently we also contributed to this subject by proposing a direct and simple generalization of the formalism introduced by Holleczek et al. [15] , based on the use of Bessel beams to generate HermiteGaussian-like beams with zero total angular momentum [20] .
Although Bessel beams are exact solutions of the Helmohltz equation, they are not physical states of the electromagnetic field, as they carry infinite energy [21] . Bessel-Gauss beams, on the other side, are also an exact solutions of the Helmholtz equation, but with a finite energy spectrum [22] [23] [24] [25] , a feature that makes it possible to realize such beams experimentally [26, 27] .
It is then the aim of this work to extend the results of Ref. [20] to the case of Bessel-Gauss beams by deriving the expressions for the electric field of cylindrically polarized beams of light both in the paraxial and nonparaxial case. Since Bessel-Gauss beams can be nowadays easily generated in an optical laboratory with the help of a suitably programmed spatial light modulator [28, 29] , we believe that the present work could serve as a toolbox to extend the framework of radially and azimuthally polarized states of light to the nonparaxial domain straightforwardly.
This work is organized as follows: in Sect. 2 we briefly revise the paraxial and nonparaxial form of Bessel-Gauss (BG) beams. These results are then used in Sect. 3 to generate the cylindrically polarized vector fields in the paraxial regime, according to the method presented in Ref. [20] . In Sect. 4, we briefly discuss the various regimes of BG beams and how strong is the influence of nonparaxial correction in all these regimes. In Sect. 5, the explicit expression of the vector electric and magnetic fields of cylindrically polarized Bessel-Gauss beams is given. Finally, conclusions are drawn in Sect. 6.
II. PARAXIAL AND NONPARAXIAL BESSEL-GAUSS BEAMS
As it is well known, Bessel beams carry infinite energy, and therefore they do not represent physically meaningful solutions of the Helmholtz equation [21] . This peculiar characteristic is intimately related to the fact that the support of the angular spectrum of such beams is a circle of zero thickness whose radius is given by K 0 = k 0 sin ϑ 0 (being ϑ 0 the characteristic cone angle of the Bessel beam) represented by the Dirac delta δ(K − K 0 ), a highly singular function. A more realistic description of such beams is represented by Bessel-Gauss beams, that can be thought as the equivalent of Bessel beams where the Dirac-delta circle in Fourier space is replaced by a finite Gaussian distribution. w 0 [22] . Another possible interpretation of BG beams is that they are given as a superposition of tilted Gaussian beams with waist w 0 whose axes of propagation are uniformly distributed on a surface of a cone of half aperture ϑ 0 [30] . In contrast with pure Bessel beams, however, BG beams are not diffractionless anymore, even if they maintain their diffractionless character up to a maximal distance D = w 0 / sin ϑ 0 [22] , after which their Gaussian character dominates over the nondiffracting one given by the the Bessel part. Bessel-Gauss beams are, however, still an exact solution of the Helmholtz equation, i.e.,
where k 0 = 2π/λ is the vacuum wave number. If we write the previous equation in cylindrical coordinates, BG solutions at z = 0 can be found according to Gori et al. [30] to be as follows:
where
is the Bessel function of the first kind and (R, ϕ, z) are the usual cylindrical coordinates defined with respect to the main axis of propagationẑ. The angular spectrum at z = 0 is then obtained by taking the 2D Fourier transform of Eq. (2), namelỹ
where 
where in order to calculate the limit we used the following asymptotic expression of the modified Bessel function of the first kind in the vicinity of infinite [31]:
Equation (4) is therefore the correct limit that leads to the angular spectrum of a Bessel beams. To find the expression of the BG beam in the generic plane z > 0, we now propagate Eq. (3) according to the propagation rule of the angular spectrum [32] , thus obtaining
This expression is still exact but cannot be calculated analytically, due to the presence of the square root at the exponent of the last exponential function. However, in the paraxial limit one has that K/k 0 ≪ 1 and a Taylor expansion of the square root around K/k 0 = 0, i.e.,
allows us to rewrite the angular spectrum propagator in the approximate form
where the quadratic phase factor is the so-called Fresnel propagator and it is responsible for the paraxial propagation [32] . With this in mind, we can now calculate from Eq. (6) the form of the BG beam in the paraxial limit and retrieve the nonparaxial corrections as higher order correction to the paraxial limit. In order to do so, we first need to isolate the Fresnel term from the exact propagator
and then perform a Taylor expansion of the nonparaxial part of the propagator (the one in square brakets in the previous equation), thus obtaining
By inserting this result into Eq. (6) we can then write the exact form of the BG beam in a series form as follows:
... ,
This expression allows us to evaluate all the expansion terms, the lowest one being the paraxial approximation and the higher ones being the nonparaxial corrections.
The paraxial Bessel-Gauss beam is then given by:
where ρ = R/w 0 , Θ = sin ϑ 0 /θ 0 and ζ = z/z R , with w 0 = 2z R /k 0 and θ 0 = 2/(k 0 w 0 ) being the waist and the angular aperture of the beam, respectively. This equation should be compared with Eq. (12) in Ref. [22] : an explicit calculation shows that Eq.(12) in Ref. [22] is incorrect as it does not satisfy the paraxial equation. This is the first result of our paper.
According to Eq. (11), the first nonparaxial correction can be written in the following simple compact form:
The explicit expression of Eq. (13) evaluated for arbitrary ℓ is quite cumbersome and, for the sake of clarity, it will not be reported here. However, in the present work we are interested in the circumstances ℓ = ±1 solely and in these cases the formulas are much simpler:
III. CYLINDRICALLY POLARIZED PARAXIAL BESSEL-GAUSS BEAMS
Now that we have correctly calculated the exact form of a paraxial BG beam and its nonparaxial corrections at all orders (each of them can be simply evaluated analytically thanks to the Gaussian form of the integrals), we can now build the Hermite-Gaussian-like BG beams, by combining the paraxial solutions with ℓ = 1 and ℓ = −1 as follows:
where ψ
1 (R, ϕ, z) and ψ (0) −1 (R, ϕ, z) are defined by the Eq.(12) for ℓ = ±1 respectively. A sketch of the functon φ 10 (R, ϕ, z) in z = 0 and its comparison with the Hermite-Gaussian beam HG 10 (x, y) is reported in Fig. 1 . As can be noted, the two functions have the same cartesian symmetry. Moreover, Fig. 1 also shows that unlike the case of real Bessel beams [20] [ Fig. 1(c) ], BG beams do not present any rings outside the paraxial region. This is a consequence of the fact that their angular spectrum is tailored with a Gaussian function, instead of being a simple Dirac delta function.
In analogy with Ref. [15] , we can then build a four dimensional space spanned by the basis formed by the Cartesian product of {φ 10 , φ 01 } mode basis defined above and the polarization vectors {x,ŷ}, namely {φ 10 , φ 01 } ⊗ {x,ŷ} = {φ 10x , φ 10ŷ , φ 01x , φ 01ŷ }.
(16) Radially (û R ) and azimuthally (û A ) polarized beams can be then easily obtained as linear combinations of these four modes as follows:
where the ± sign refers to co-rotating and counter-rotating modes respectively [15] . The polarization patterns and the intensity profile of these paraxial modes are shown in Fig. 2 and 3.
IV. NONPARAXIAL CORRECTIONS
A Bessel-Gauss beam is characterized by two competing parameters: the Bessel cone angle ϑ 0 and the width w 0 of the Gaussian beam composing the spectrum or, alternatively, its angular spread θ 0 = 2/(k 0 w 0 ). Depending on the relative weight of these two parameters, according to Ref. [30] we can define three different regimes that are schematically represented in Fig. 4 . The first of these regimes corresponds to ϑ 0 /θ 0 > 1 [Fig 4(a) ]. In this regime, the Gaussian beam components are well separated and the spot size of each single component diffracts during the propagation along z. However, up to a distance D defined as the distance from z = 0 at which a Gaussian beam component has receded from the z-axis by a quantity w 0 [30] , the beam remains diffractionless.
The second regime that we can analyze is given by ϑ 0 /θ 0 < 1, with ϑ 0 ≪ 1. In this case, as it is reported in detail in Ref. [30] for the fundamental BG beam, we expect that the . As can be seen, the intensity of the first nonparaxial order of Eq. (11) is of the order of 10 −6 and it can be therefore neglected.
Although regarding the first case one could intuitively say that the contributions of higher order nonparaxial terms in Eq. (11) In all three regimes, ϑ 0 and θ 0 are in the paraxial regime. This is why the nonparaxial corrections contribution is negligible. 
V. ELECTRIC AND MAGNETIC FIELDS
The modes obtained from Eqs. (17) and depicted in Figs. 2 and 3 are strictly paraxial.
As already explained in Ref. [20] , however, sinceû R,A are paraxial modes, they are not exact solutions of the Helmholtz equation (1) . In order to fix this problem, in principle, all the nonparaxial corrections to Eq. 
where Π(r, t) =Û ± R,A exp(−iωt) depending on which kind of polarization one wants to attribute to the fields. However, as we discussed in the previous section, the nonparaxial corrections are always very small and they can be neglected irrespectively on the relative weight between the two characterizing parameters of a BG beam, namely ϑ 0 and θ 0 . It is therefore sufficient to use the paraxial modes u 
we have analyzed their role in three different regimes defined by the ratio ϑ 0 /θ 0 . We have shown that independently on the considered regime (corresponding to how much nonparaxial the BG beam is), the nonparaxial corrections are always very small and therefore their contribution can be neglected.
